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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 


ADVANCE RESTRICTED REPORT 


EXTENDED TABLES OF STIFFNESS AND CARRY-OVER FACTOR 
FOR STRUCTURAL MEMBERS UNDER AXIAL LOAD 


By Eugene E. Lundquist and W. D. Kroll 
SUMMARY 


The tables of stiffness and carry-over factor that 
were presented in NACA Technical Note No. 652 have been 
extended to include the stiffness of a member with the 
far enc subjected to a moment equal and opnosite to the 
moment applied at the near end. These. balbakes. ane) ots ize 
in solving problems in the stabitity of structural members 
under axial load as well as in the usual applications of 
the Cross method of moment distribution when the effects 
of axial load in the members are considered. The values 
presented are for structural members in which the cross 
section and the axial load do not vary along the length 


of the member. ihe interval between successive vadueis 
of the argument is small Speen S male interpolation 
unnecessary in ‘engineering cale ations. 

INTRODUCTION 


The tables of stiffness and carry-over factor given 
in reference 1 have been found useful in the applications 
of moment-distribution methods to a number of structural 
problems. Récent studies’ have shown the desirability of 
including in these tables an additional stiffness that 
was not formerly presented. The present paper has 
therefore been written to include in the tables values 
for this additional stiffness as well as the material of 


referenced and consequently supersedes reference 1. 


The method of moment distribution developed by Hardy 
Cross (reference 2) can frequently be used to advantage 
in the stress analysis of continuous beams, continuous 
tremes, snd rigid joint trusses, some of which oecur in 
aeronautical structures. In reference 5, James summarized 
the principles of the Cross method and showed how the 
effects of axial doad in the members may be considered in 
a moment-distribution analvsis. In reference 4, it was 
shown how the principles of moment distribution may be 


used to solve problems in the stability of structural 
members under axial loed. 


In the stability calculations as well as in the more 
usual type ee moment-distribution analysis in which the 
effects of axial load are considered, it is Asgipents to 
have tables giving the stiffness and the carry-over factor 
as a function of the axial load and properties of the 
member. Such a set of tables was presented in refer- 
ence. 1, 


T@ the use of the principles of moment distribution 
as applied to the stability of plates (reference 5) the 
stiffness of a plate with the far edge subjected to 42 
moment equal and opposite to the moment applied at the 
near edge was found useful in stability problems in whieh 
the assembly of eae was symmetrical about a plate 
Because the equations that must be satisfied for the sta- 
bility of plates are identical in their general form To 
those for bars under axial load, a corresponding stiffness 
for bars is desirable. As is the’ case for plates, this 
stiffness is designated giv, and values are presented 
herein. 


The tables apply to members for which the cross 
section and axial load do not vary along the length of 
the member. The interval between successive values of 
the argument was made sufficiently small that “Interpola- 
tion would be unnecessary for most engineering calcula- 

tions. 


SYMBOLS 
E modulus of elasticity 
E effective modulus of elasticity for stresses beyond 
the elastic range 
I moment of inertia of cross section about centroidal 
axTs perpendicular to plane of bending 
L length of member 


P axial load in member (absolute value) 
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8 are oovtained by substi- 


The symbols used to de 


ecarry-ever factor for the 
at the far end are given 


in the 


Signate the stiffness and 
digierent Lypes Of resurarms 
following table and 


correspond to those used in reference 5: 


Carrv-over | 


| 
factor ! 


Stiffness ; 


a Ra a eae 


i 
C 


CONGLELORS Se far end 


Far end fixed against rotation, 


| 
I 
1 i 

ate ane ba Rigas 

Si 7. C= ; Par end elastically restrained 
: against rotation. 

alt rae = | rT - 2 2 > 

‘Sa es = 0 | No restraint against rotation 
| i at far end. 
| 

ony | ey | ah eS ‘ 

i ae bogies ee eer ‘ar end suojected to a moment 
: equal and opposite to that 
{ : applied at near end 

The quantities si, ct, stl, ana cll of this paper 
i ! uw 


are the quan 
of rersrence 


DEFINITIONS 
The following definitions of carry-over factor and 
stiffness are the same as those given in reference |. 


Cerryv-over factor.- 
upports at saa ona ta 
ee Chie a te NO Os ae he 
the snoment applied at the 
Over -LAactor. 


at each end 
a rotation of 
the stiffness. 


If @ member is on unyie 
a mori 
mement developed 


a memocr is or unyield 
S 


‘the monent G one ena eres 
3 no Moment as ne ena BMEcess 


1d 
ent is applied at’ the near 
at the far end) to 


near end is called the carry- 


ng supports 
y to produce 


one-fourth radien of that end is called 


sa 


The stiffness of a member computed according to this 
definition is one-fourth that computed according to the 
definition used by Cross (refsrence 2). In the Cross 
method, tne relative stiffness of the members is of im- 
portance and not the absolute value. The foregoing 
agefinition was selected so that the stiffness of a member 
of constant cross section with no axial load and fixed at 


the far end wold be EI/L instead of EI/L. 


Sign convention.= The sign convention used in this 
report is the same as that used in references |) and 5. 
A clockwise moment acting on the end of a member is 
positive. An external moment applied at a joint is 
considered to act on the joint; a counterclockwise 
moment acting on a joint is positive. 


7 


y the values of 
ag 
5 


stiffness but give, instead, values of ness divided 
by a factor EI/L. The actual stiiiness are therefore 
obtained by multiplying the values in the tables by EI/L. 
The value of C is read directly from the tables. 


Maples ened Ml do nou sive d.rectly t 
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Formulas used in calculation.- The quantities EL’ 
ia a 

gil aIV : 
——3 --—, and C are tabulated for values of 
ed Pie ON a 
(L/j),pp im tables I and II for compression and tension, 
respectively. The stiffness S* and carry-over 
factor cl that apply when the far end of the member is 


elastically restrained are dependent on the restraint at 
the far end and can be computed by the formulas given in 
reference | or 5. 


In the elastic range of the material comprising the 
f \ / 
aa i, , 
and {+} = eer Above the elastic 
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range, however, it is necessary to use a reduced modulus E 
which is called the effective modulus. A method for ob- 
taining the effective modulus from the accepted column 
formula for the material is described in reference ll, 


The formulas used in calculating the second, third, 
fourth, and seventh columns in tables I end IT ares 


q alt | a 


eee 3 
J a 
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Equations (1) and (2) were first presented by James 
in reference 43, Equation (43) fotlows from geneeton (133 
of reference I, and equation (lr} from equation (1):) of 
reference’) D.s 


The fifth and sixth columns in tables Tiand II wene 


: - 
obtaine Ae from the preceding colums, as indicated by 
their headings. Thess columne are 


incluced as a econ- 
dorifeltae “Beeause they are of use ins 
calculations (reference l:). 


Accuracy of tables.- The tables of reference 6 were 
used in the preparetion of tables I and II. All values 
presented are accurate to the number of places given. 
Equations (1), (2), and (3) were used to caleulate the 
second, third, and fourth columns,’ respectively. The 
fifth colwnn was optained by squaring the second column. 
The sixth column was obtained by sQuaring the fourth 


column anc multiplying by the fifth column. The sixth 
column was therefore made to depend on ail preceding 
columns. All values were tabulated to six significant 


oo and the differences for the last column were 
taken; in some cases differences as high as the fourth 
i a were used. The differences were studied and, 
where irregularities occurred, the taoles were checked. 


Ee 


An independent check was also made of a series of values 


IV 
throughout the tables. The values for = were 
EI/L 


computed from equation (); :) and were independently checked. 
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